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Abstract
In the definition of the category of inverse systems pro-HTop and the coherent category of inverse
systems CPHTop, for the definition of homotopy between two arbitrary maps of systems the notion
of shift is needed. This notion is not adequate for the category of coherent inverse systems and in this
paper this notion is replaced by the notions of shifting map and coherent shift.
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0. Introduction
The notion of an inverse system is well known and widely used in mathematics. We
mention only that the category of inverse systems pro-HTop is a fundamental tool in
establishing proper homotopy and shape theory.
Let (A,<) be an arbitrary directed set, i.e., an ordered set with the property: for any
a0, a1 ∈ A there exists a2 ∈ A such that a0, a1 < a2. We assume that (A,<) is cofinite, i.e.,
each a ∈ A has only a finite number of predecessors.
An inverse system X = (Xa,pa0a1,A) consists of topological spaces Xa and of bonding
maps pa0a1 :Xa1 → Xa0 for any pair a0 < a1, such that
pa0a1pa1a2  pa0a2
for a0 < a1 < a2. If the equality pa0a1pa1a2 = pa0a2 holds we call the inverse system
commutative.
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The map of inverse systems (fb) :X → Y = (Yb, qb0b1,B) consists of
(C1) a strictly increasing function f :B → A and for any b ∈ B a map fb :Xf(b) → Yb ,
and for any pair b0 < b1 a map fb0b1 : I × Xf(b1) → Yb0 such that
fb0b1(0, x)= fb0pf (b0b1), fb0b1(1, x)= qb0b1fb1(x).
The category of inverse systems pro-HTop is used in shape theory by replacing the
topological space by an inverse system: the system of its neighbourhoods, by a resolution,
or ˇCech system of the space.
The category pro-HTop is not a satisfactory tool for constructing strong shape theory.
One needs a stronger category of inverse systems. The notion of a map of systems is
replaced by a notion of a coherent map, i.e., not only the maps fb0 , fb1 (in fact the
maps qb0b1fb1 and fb0pf (b0b1)), for b0 < b1 are connected by a homotopy denoted by
fb0b1 : I × Xf (b1) → Yb0 . For example, for n = 2 and three indices b0 < b1 < b2 the maps
fb0 , fb1 and fb2 , and the homotopies fb0b1 , fb1b2 and fb0b2 are connected by a homotopy of
second order denoted by fb0b1b2 :∆2 ×Xf (b2) → Yb0 . The precise definition for all natural
numbers is given by use of the n-simplex: ∆1 = I and
∆n = {(t1, . . . , tn) | 1 t1  · · · tn  0}.
A special coherent map of commutative inverse systems (fb) :X → Y = (Yb, qb,B)
consists: of (C1) and of
(C2) for n  2 and any strictly increasing sequence b = (b0, b1, . . . , bn), b0 < b1 <
· · · < bn, of a map fb :∆n ×Xf (bn) → Yb0 such that
fb(t, x)=


qb0b1fb1...bn(t2, . . . , tn, x), t1 = 1,
f
b0...bˆi ...bn
(t1, . . . , tˆi , . . . , tn, x), ti = ti+1,
fb0...bn−1
(
t1, . . . , tn−1,pf (bn−1bn)(x)
)
, tn = 0.
The corresponding category, CPHTop, is successfully used for the construction of
strong shape and the theory uses only commutative inverse systems—the system of
neighbourhoods and resolutions [2,3]. It is shown that the category CPHTop is equivalent to
the previously constructed category obtained by localization of pro-Top at level homotopy
equivalences [3].
There are inverse systems that are not commutative. The main example is the ˇCech
system of a topological space. In order to use the ˇCech system in strong shape theory, one
needs to extend the coherent category CPHTop to include this type of system.
The first ideas about the existence of a coherent category of this type and of order
infinity are presented in [1].
In order to define a coherent map (in which appear homotopies of all orders) between
two such systems it is natural for such systems also to have bonding maps which are
connected by homotopies of all orders.
Definition. A triple X = (Xa,pa,A) is called a coherent inverse system over a directed
set A if for n 1, and a0 < a1 < · · ·< an, a = (a0, a1, . . . , an), there is a map pa : In−1 ×
Xan → Xa0 such that for n 2 the following two conditions are satisfied:
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pa(τ1, . . . , τj−1,0, τj+1, . . . , τn−1, x) = pa ...aˆ ...a (τ1, . . . , τˆj , . . . , τn−1, x),0 j n
pa(τ1, . . . , τj−1,1, τj+1, . . . , τn−1, x)
= pa0...aj
(
τ1, . . . , τj−1,paj ...an(τj+1, . . . , τn−1, x)
)
.
For example, in the special case n = 2, the map pa0a1a2 : I × Xa2 → Xa0 is just a
homotopy connecting pa0a2 and pa0a1pa1a2 .
The coherent category of the coherent inverse systems is denoted by Coh.
A coherent map (f
j
b ) :X → Y = (Yb, qb,B) consists of (C1) and of
(C2) for n  2 and any strictly increasing sequence b = (b0, b1, . . . , bn), b0 < b1 <
· · · < bn, there is a set fb of 2n−1 maps{
f
j0j1...jk
b | 0 = j0 < j1 < · · ·< jk = n
}= fb.
The map f j0j1...jkb : I
n−k × ∆k × Xf (bn) → Yb0 must satisfy the following boundary
conditions:
f
j
b (τ, t, x) =


qb0...bj1
(
τ0,1, f
j1...jk
b1...bn
(τ1,k, t2, . . . , tk, x)
)
, t1 = 1,
f
j0...jˆi ...jk
b0...bn
(τ, t1, . . . , tˆi , . . . , tk, x), ti = ti+1,
f
j0...jk−1
b0...bjk−1
(
τ0,k−1, t1, . . . , tk−1,pf (bjk−1 ...bn)(τk−1,k, x)
)
, tk = 0
and for jm < j < jm+1 and τj−m = 0,
f
j0j1...jk
b (τ, t, x) = f j0...jmjm+1−1...jk−1b0...bˆj ...bn (τ1, . . . , τˆj−m, . . . , τn−k, t, x).
In the above formulas the following are identified: f 0b0 ≡ fb0 and f 01b0b1 ≡ fb0b1 . Also, in
the formula for τ ∈ In−k and 0 i  i  k, τi,i′ is just a short notation for
τi,i′ =
{
(τji−i+1, . . . , τji′−i′), ji − i + 1 ji′ − i ′,∗, ji − i + 1 > ji′ − i ′.
Remarks. (a) Here instead of the usual ordering  is used the ordering <. The advantage
is that there is no repeating of indices in the sequences and we can successfully avoid the
degeneracy conditions for coherent maps which appear in [2] and [3]. This is important
in dealing with complicated formulas which appear in the coherent theory since the
degeneracy condition must always be checked in the same way as the boundary condition
is checked. The two approaches are equivalent [5].
(b) We use the nonstandard simplex instead of a standard one, since the composition
formula looks like a multidimensional case of the well known formula for composition
of paths. The standard simplex {(s0, . . . , sk) | s0 + · · · + sk = 1, s0  0, . . . , sk  0}
is homeomorphic to the nonstandard simplex by mapping a point s = (s0, s1, . . . , sk)
from the standard simplex to the point t = (t1, . . . , tk) of nonstandard simplex where
t1 = s1 + · · · + sk, . . . , tk−1 = sk−1 + sk, tk = sk . Then the formula (C2) becomes the
same as the formula from [2] and [3].
The construction of the three categories Coh, CPHTop, and pro-HTop proceeds as
follows:
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Composition. In pro-HTop, the composition of maps of systems (fb) :X → Y and
(gc) :Y → Z = (Zc, rc0c1,C) is a map of systems (gcfg(c)) :X → Z given by the strictly
increasing function fg :C → A.
To define composition of coherent maps first we define a partition of ∆k to subpolyhedra
Km, 0m k,
Km =
{
(t1, . . . , tk) | tm12  tm+1
}
.
In CPHTop, the composition of special coherent maps (fb ) :X → Y and (gc) :Y →
Z = (Zc, rc0c1,C) is given by the strictly increasing function fg :C → A and by maps
(gf )c :∆
n ×Xfg(cn) → Zc0 defined by
(gf )c : (t1, . . . , tn, x) = gc0...cm
(
2t1 − 1, . . . ,2tm − 1, fg(cm...cn)(2tm+1, . . . ,2tn, x)
)
for t ∈ Km.
In Coh, the composition of coherent maps f :X → Y and g :Y →Z = (Zc, rc , C) is
given by the strictly increasing function fg :C → A and by maps (gf )jc : In−k × ∆k ×
Xfg(cn) → Zc0 defined by
(gf )
j
c (τ, t, x)
= gj0...jmc0...cjm
(
τ0,m,2t1 − 1, . . . ,2tm − 1, f jm−jm...jk−jmg(cjm...cn) (τm,k,2tm+1, . . . ,2tk, x)
)
for t ∈ Km.
Level homotopy. Two coherent maps (f
j
b ), (f
′ j
b ) {two special coherent maps (fb), (f ′b );
two maps of systems (fb), (f ′b)} are level homotopic if they are defined by the same
strictly increasing function f :B → A and there exists a coherent map (F jb ) : I ×X → Y
(I ×X = (I ×Xa,1 ×pa,A)) {special coherent map (Fb ); map of systems (Fb)} defined
by the same strictly increasing function such that Fjb , f ′
j
b , i.e., for F
j
b : I
n−k × ∆k × I ×
Xf (bn) → Yb0 holds
F
j
b (τ, t,0, x) = f
j
b (τ, t, x), F
j
b (τ, t,1, x)= f ′
j
b (τ, t, x)
{(Fb ) connects (fb ), (f ′b); (Fb) connects (fb), (f ′b)}.
Proposition 1. The relation of level homotopy is an equivalence relation. This equivalence
relation we denote by
lvl.
Proof. The reflexivity and symmetry of the relation are obvious. Let f,f ′ :X → Y be
level homotopic by a homotopy F : I × X → Y and f ′, f ′′ :X → Y be level homotopic
by a homotopy F ′ : I ×X → Y . Then f and f ′′ are level homotopic by a homotopy (F ′′ jb )
defined by
F ′′ jb (τ, t, s, x) =


F
j
b (τ, t,2s, x), 0 s  12 ,
F ′ jb (τ, t,2s − 1, x), 12  s  1.
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Propositions 2 and 4 are proved in [4,6]. 
Proposition 2. For coherent maps f :X → Y , g :Y →Z , h :Z →W , the coherent maps
h(gf ) and (hg)f are level homotopic.
Proposition 3. If coherent maps f,f ′ :X → Y are level homotopic, and coherent maps
g,g′ :Y → Z are level homotopic then the coherent maps gf,g′f ′ :X → Z are level
homotopic.
Proof. Let f,f ′ :X → Y be level homotopic by a homotopy F : I × X → Y given by
a strictly increasing function f :B → A. Then the coherent maps gf,gf ′ :X → Z are
level homotopic by the homotopy gF : I × X → Z given by strictly increasing function
fg :C → A.
Let g,g′ :Y → Z be level homotopic by a homotopy G : I × Y → Z given by the
strictly increasing function g :C → B . Then the coherent maps gf,g′f :X → Z are
level homotopic by the homotopy G(1 × f ) : I × X → Z given by the strictly increasing
function fg :C → A. From Proposition 1 follows that the coherent maps gf,g′f :X →Z
are level homotopic. 
Proposition 4. The coherent maps f and f 1X are homotopic; f and 1Yf are homotopic.
Remark. If X = (Xb,pb,B) and Y = (Yb, qb,B) are coherent inverse systems indexed
by B , then the coherent map (fb) :X → Y given by the identity function 1B :B → B we
call the level coherent map. The previous theorems prove that all coherent inverse systems
indexed by one fixed directed set B and level homotopy classes of coherent maps form a
category which we usually denote by CohB .
Homotopy. In categories pro-HTop and CPHTop the general definition of homotopy is
introduced in the following way: First for a special coherent map (fb ) :X → Y (a map
of systems (fb) :X → Y ) and a strictly increasing function F such that f < F we
define the notion of shift as a coherent map given by the function F and by maps
fb(1 × pf (bn)F (bn)) :∆k × XF(bn) → Yb0 (the map of systems fbpf (bn)F (bn) :XF(bn) →
Yb0 ).
Two special coherent maps (maps of systems) are homotopic if they have shifts which
are level homotopic. Formally, we put pf (b)F (b) = 1Xf(b) if f = F . In this way two level
homotopic maps are homotopic, i.e., level homotopy is a special case of homotopy.
Now, CPHTop is the category with objects commutative inverse systems and morphisms
homotopy classes of special coherent maps, and pro-HTop is the category with objects
inverse systems and morphisms homotopy classes of maps of systems.
For the general definition of homotopy in the category Coh we introduce the notion of
coherent shift.
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1. Coherent shiftLet X = (Xa,pa,A) be a coherent inverse system and f :B → A a strictly increasing
function. We consider the coherent inverse system Xf = (Xf (B),pf (b0...bn),B). To
any coherent map (f
j
b ) :X → Y = (Yb, qb,B) corresponds a level (coherent) map
(f
j
b ) :Xf → Y and this correspondence is bijective.
In this section we will use the following two propositions several times.
Proposition 5. Coherent maps (f
j
b ), (f
′ j
b ) :X → Y are level homotopic by the coherent
map (F
j
b ) : I ×X → Y if and only if level maps (f
j
b ), (f
′ j
b ) :Xf → Y are level homotopic
by the level map (F
j
b ) : I ×Xf → Y .
Proposition 6. Let (gjc ) :Y →Z = (Zc, rc,C) and (f jb ) :X → Y be coherent maps. Then
to their composition ((gf )
j
c ) :X →Z corresponds the level coherent map ((gf )jc ) :Xfg →
Z , Xfg = (Xfg(C),pfg(c),C)—the composition of level maps (gjc ) :Yg → Z and (f jc ) :
Xfg → Yg .
For two strictly increasing functions f,F :B → A we define the notion of a shifting
map as a level coherent map p[f,F ] :XF → Xf given by maps p[f,F ]jb : In−k × ∆k ×
XF(bn) → Xf(b0) defined by
p[f,F ] jb (τ, t, x)
= pf (b0...bjm )F (bjm...bn)
(
(τ0,1,1)(2t1 − 1), . . . , (τm−1,m,1)(2tm − 1),
(1, τm,m+1)(1 − 2tm+1), . . . , (1, τk−1,k)(1 − 2tk), x
)
for t ∈ Km. For n = 0, the map p[f,F ]b0 :XF(b0) → Xf (b0) is given by
p[f,F ]b0(x) = pf (b0)F (b0)(x).
Let Φ(t, s) be a real function. To shorten formulas we introduce the following notation
|τ,1|∣∣Φ(t, s)∣∣= (τ,1)Φ(t, s), if Φ(t, s) 0,
|τ,1|∣∣Φ(t, s)∣∣= (1, τ )(−Φ(t, s)), if Φ(t, s) 0.
Then the defining formula has the following simpler form:
p[f,F ] jb (τ, t, x) = pf (b0...bjm)F (bjm...bn)
× (|τ0,1,1||2t1 − 1|, . . . , |τk−1,k,1||2tk − 1|, x).
We now verify that p[f,F ] is a well defined and a coherent map.
To prove the formula is well defined one has to check the points (t1, . . . , tk) ∈ Km ∩
Km−1. This is possible if and only if tm = 12 . Then for t = (t1, . . . , tk) ∈ Km−1 and tm = 12
we have
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p[f,F ] j (τ, t, x)b
= pf (b0...bjm )F (bjm...bn)
× ((τ0,1,1)(2t1 − 1), . . . , (τm−2,m−1,1)(2tm−1 − 1),0, . . . ,0,
(1, τm,m+1)(1 − 2tm+1), . . . , (1, τk−1,k)(1 − 2tk), x
)
and the same expression is obtained if we compute the formula for (t1, . . . , tk) ∈ Km and
tm = 12 .
To check that p[f,F ] is a coherent map let t = (t1, . . . , tk) ∈ Km with t1 = 1. Then
p[f,F ] jb(τ, t, x)
= pf (b0...bj1 )
(
τ01,pf (bj1 ...bjm )F (bjm...bn)
(|τ12,1||2t2 − 1|,
. . . , |τk−1,k,1||2tk − 1|, x
))
= pf (b0...bj1 )
(
τ01,p[f,F ]j1−j1...jk−j1bj1 ...bjk (τ1k, t2, . . . , tk, x)
)
.
The case tn = 0 is treated similarly.
For l m, t ∈ Km, with ti = ti+1 we have
p[f,F ] jb (τ, t, x)
= pf (b0...bjm )F (bjm...bn)
(|τ0,1,1||2t1 − 1|,
. . . , (1, τl−1,l,1, τl,l+1)(1 − 2tl+1), . . . , |τk−1,k,1||2tk − 1|, x
)
= p[f,F ]j0...ˆl ...jkb (τ0l ,1, τlk, t1, . . . , tˆl, . . . , tk, x).
The case l m − 1 is treated similarly.
Finally, for jl < j < jl+1, l m, t ∈ Km, and τ ∈ In−k with τj−l = 0, we have
p[f,F ]j0j1...jkb (τ, t, x)
= pf (b0...bjm )F (bjm...bn)
(|τ0,1,1||2t1 − 1|, . . . , (1, τjl−l+1, . . . , τj−l−1,0, τj−l+1,
. . . , τjl+1−l−1)(1 − 2tl+1), . . . , |1, τk−1,k||2tk − 1|, x
)
= p[f,F ]j0...jl jl+1−1...jk−1
b0...bˆj ...bn
(τ1, . . . , τˆj−l , . . . , τn−k, t, x).
The case l m − 1 is treated similarly.
Definition. If f :X → Y is a coherent map and F :B → A is a strictly increasing function
such that f < F , the composition of the level maps f :XF → Y and p[f,F ] :XF →Xf —
the level map f ◦ p[f,F ] :XF → Y we call a coherent shift of f . The corresponding
coherent map f ◦ p[f,F ] :X → Y we also call a coherent shift of f .
Theorem 1. Suppose that f,F,F :B → A are strictly increasing functions such that
f < F <F . Then the level maps p[f,F ] ◦ p[F,F ] and p[f,F ] are level homotopic.
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Proof. We define a partition of ∆k × I into subpolyhedra Sl,r for any pair of integers l, r
such that 0 l  r  k,
Sl,r =
{
(t1, . . . , tk, s) | tl  2 + s4  tl+1, tr 
2 + s
4
 tr+1
}
Also, we define a partition of ∆k × I into subpolyhedra Sl,m,r for any triple of integers
l,m, r such that 0 l m r  k,
Sl,m,r = Sl,r ∩ (Km × I)
=
{
(t1, . . . , tk, s) | tl  2 + s4  tl+1, tm 
1
2
 tm+1, tr 
2 − s
4
 tr+1
}
.
Now we define a level coherent map P :XF → Xf . This map will be given by maps
P
j
b : I
n−k ×∆k × XF (bn) → Xf(b0) defined for (t, s) ∈ Sl,m,r by
P
j
b (τ, t, s, x)
= pf (b0...bjl )F (bjl ...bjr )F(bjr ...bn)
×
(
(τ0,1,1)
4t1 − 2 − s
2 − s , . . . , (τl−1,l,1)
4tl − 2 − s
2 − s ,
(1, τl,l+1)(2 + s − 4tl+1), . . . , (1, τm−1,m)(2 + s − 4tm),
s, (τm,m+1,1)(4tm+1 − 2 + s), . . . , (τr−1,r ,1)(4tr − 2 + s),
(1, τr,r+1)
2 − 4tr+1 − s
2 − s , . . . , (1, τk−1,k)
2 − 4tk − s
2 − s , x
)
.
Now we check that P
j
b connects maps (p[f,F ] ◦ p[F,F ])
j
b and p[f,F ]
j
b . If s = 0,
then there exists m such that (t,0) ∈ Sm,m,m. Also (t,0) ∈ Sm,m,m if and only if t ∈ Km
and
P
j
b (τ, t,0, x)
= pf (b0...bjm )F (bjm)F(bjm...bn)
× ((τ0,1,1)(2t1 − 1), . . . , (τm−1,m,1)(2tm − 1),0,
(1, τm,m+1)(1 − 2tm+1), . . . , (1, τk−1,k)(1 − 2tk), x
)
= pf (b0...bjm )F(bjm...bn)
(|τ0,1,1||2t1 − 1|, . . . , |τk−1,k,1||2tk − 1|, x)
= p[f,F ]jb (τ, t, x).
If s = 1, and (t,1) ∈ Sl,r ∩ (Km × 1), then
Sl,r ∩ (Km × 1)=
{
(t1, . . . , tk,1) | tl  34  tl+1, tm 
1
2
 tm+1, tr 
1
4
 tr+1
}
and we have
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P
j
(τ, t,1, x)b
= pf (b0...bjl )F (bjl ...bjm )
(|τ0,1,1||4t1 − 3|, . . . , |τm−1,m,1||4tm − 3|),
pF(bjm...bjr )F(bjr ...bn)
(|τm,m+1,1||4tm+1 − 1|, . . . , |τk−1,k,1||4tk − 1|, x)
= P [f,F ]j0...jmb0...bjm
(
τ0,m,2t1 − 1, . . . ,2tm − 1,
P [F,F ]jm−jm...jk−jmbjm ...bn (τm,k,2tm+1, . . . ,2tk, x)
)
= (p[f,F ] ◦ p[F,F ])jb (τ, t, x). 
Corollary. If f,f ′ :X → Y are coherent maps such that the shifts f ◦ p[f,F ] and
f ′ ◦ p[f ′,F ] are level homotopic, and F :B → A is a strictly increasing function such
that F <F . Then the shifts f ◦ p[f,F ] and f ′ ◦ p[f ′,F ] are level homotopic.
Proof. By Propositions 1 and 3 and Theorem 1
f ◦ p[f,F ] lvl f ◦ (p[f,F ] ◦ p[F,F ]) lvl (f ◦ p[f,F ]) ◦ p[F,F ]
lvl (f ′ ◦ p[f ′,F ]) ◦ p[F,F ] lvl f ′ ◦ (p[f ′,F ] ◦ p[F,F ])
lvl f ′ ◦ p[f ′,F ]. 
Definition. Two coherent maps f,f ′ :X → Y are homotopic if they have coherent shifts
which are level homotopic.
Formally, we put p[f,f ] = 1Xf . In this way if two maps are level homotopic, then they
are homotopic. The proof of the next theorem needs the cofiniteness of the directed set B .
Theorem 2. If B is cofinite, then the relation of homotopy of coherent maps f :X → Y =
(Yb, qb,B) is an equivalence relation. The homotopy class of f is denoted by [f ].
Proof. Reflexivity and symmetry are obvious. We prove transitivity. Let f,f ′, f ′′ :X → Y
be coherent maps. Let F : I × X → Y be a homotopy connecting f ◦ p[f,F ] and f ′ ◦
p[f ′,F ], and F ′ : I ×X → Y be a homotopy connecting f ′ ◦p[f ′,F ′] and f ′′ ◦p[f ′′,F ′].
We define by induction on L(b) = {n | b0 < · · · < bn = b, b0 ∈ B, . . . , bn ∈ B} a strictly
increasing function F :B → A such that F >F and F >F ′.
If b ∈ B is such that L(b) = 0, then there exists an index F(b) in A such that
F(b) > F(b),F ′(b).
Let F(b) be defined for all b ∈ B with L(b) = 0,1, . . . , n − 1. Now let b ∈ B with
L(b) = n, and let b1, . . . , br be all the predecessors of b. Then there exists an index F(b)
in A such that F(b) > F(b),F ′(b) and F(b) >F(b1), . . . ,F(br).
By the previous corollary f ◦ p[f,F ] and f ′ ◦ p[f ′,F ] are level homotopic, and
f ′ ◦ p[f ′,F ] and f ′′ ◦ p[f ′′,F ] are level homotopic. It follows that f and f ′′ are
homotopic. 
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2. Coherent categoryTo prove that Coh is a category it is necessary to prove the following theorem.
Theorem 3. If f,f ′ :X → Y are homotopic and g,g′ :Y → Z are homotopic then the
maps gf,g′f ′ :X →Z are homotopic.
The proof is based on the following very technical result.
Theorem 4. Let f :X → Y be a coherent map, g,G :C → B be strictly increasing
functions such that g < G. Then the composition of the level maps f :Xfg → Yg and
p[fg,fG] :XfG → Xfg is level homotopic with the composition of the level maps
q [g,G] :YG → Yg and f :XfG → YG. This is to say f ◦ p[fg,fG] :XfG → Yg and
q[g,G] ◦ f :XfG → Yg are level homotopic.
Proof. We define a partition of ∆k × I into subpolyhedra Tm for any m, 0m k
Tm =
{
(t1, . . . , tk, s) | tm  14 +
s
2
 tm+1
}
.
Further on we define a partition of Tm into subpolyhedra T l,rm for any triple of integers such
that 0 l m r  k,
T l,rm =
{
(t1, . . . , tk, s) | tl  1 + s2  tl+1, tm 
1
4
+ s
2
 tm+1, tr 
s
2
 tr+1
}
.
Now we define a level coherent map H : I ×XfG → Yg . This map will be given by maps
H
j
c : I
n−k ×∆k ×XfG(cn) → Yg(c0) defined for (t, s) ∈ T l,rm and x ∈ XfG(cn) by
H
j
c (τ, t, s, x)
= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τr−1,r ,1||4tr − 2s − 1|,
τrk,2t1 − 1, . . . ,2tl − 1, s,2tr , . . . ,2tk, x
)
.
Then
H
j
c (τ, t,0, x)
= f j0...jl jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l, |τl,l+1,1||4tl+1 − 1|,
. . . , |τk−1,k,1||4tk − 1|,2t1 − 1, . . . ,2tl − 1,0, x
)
= f j0...jlg(c0...cjl )(τ0,l,2t1 − 1, . . . ,2tl − 1),
pfg(cjl ...cjm )fG(cjm ...cn)
(|τl,l+1,1||4tl+1 − 1|, . . . , |τk−1,k,1||4tk − 1|, x)
= f j0...jlg(c0...cjl )(τ0,l,2t1 − 1, . . . ,2tl − 1),
p[fg,fG]jl−jl ...jk−jlcjl ...cn (τl,k,2tl+1, . . . ,2tk, x)
= (f ◦ p[fg,f G])j
c
(τ, t, x)
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andH
j
c (τ, t,1, x)
= f j0jr+1...jk+1g(c0...cjm )G(cjm...cn)
(|τ0,1,1||4t1 − 3|, . . . , |τr−1,r ,1||4tr − 3|,
τr,k,0,2tr , . . . ,2tk, x
)
= qg(c0...cjm )G(cjm...cjr )
(|τ0,1,1||4t1 − 3|, . . . , |τr−1,r ,1||4tr − 3|),
f
jr−jr ...jk−jr
G(cjr ...cn)
(τr,k,2tr+1, . . . ,2tk, x)
= q[g,G]j0...jrc0...cjr (τ0,r ,2t1 − 1, . . . ,2tr − 1), f jr−jr ...jk−jrG(cjr ...cn) (τr,k,2tr+1, . . . ,2tk, x)
= (q[g,G] ◦ f )j
c
(τ, t, x).
The map is well defined: For (t, s) ∈ T l,rm ∩ T l+1,rm , i.e., tl = tl+1 and 4tl − 2s − 2 = 0 =
4tl+1 − 2s − 2 if we compute the formula for (t, s) ∈ T l,rm by the first boundary condition
for coherent map we have
H
j
c (τ, t, s, x)
= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l, τl,l+1,1, |τl+1,l+2,1||4tl+2 − 2s − 1|,
. . . , |τr−1,r ,1||4tr − 2s − 1|, τrk,2t1 − 1,
. . . ,2tl − 1, s,2tr , . . . ,2tk, x
)
= f j0...jl jl+1jr+1...jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l+1, |τl+1,l+2,1||4tl+2 − 2s − 1|,
. . . , |τr−1,r ,1||4tr − 2s − 1|, τrk,2t1 − 1,
. . . ,2tl − 1,2tl − 1, s,2tr , . . . ,2tk, x
)
and the last expression is just the same as the formula computed for (t, s) ∈ T l,rm ∩ T l+1,rm .
In the almost same way we check that the map is well defined for (t, s) ∈ T l,rm ∩ T l,r+1m .
Now let (t, s) ∈ T l,rm ∩ T l,rm+1. Then tm = 14 + s2 = tm+1, i.e., 4tm − 2s − 1 = 0 =
4tm+1 − 2s − 1. The definition formula for polyhedra T l,rm implies that in this case for
indices l,m, r must be satisfied 0  l < m and m + 1 < r  k. Then if we compute the
formula for (t, s) ∈ T l,rm and applying several times the second boundary condition for a
coherent map we have
H
j
c (τ, t, s, x)
= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
× (τ0,l, (τl,l+1,1)(4tl+1 − 2s − 1), . . . , (τm−2,m−1,1)(4tm−1 − 2s − 1),0,0,
. . . ,0, (1, τm+1,m+2)(2s + 1 − 4tm+2), . . . , (1, τr−1,r)(2s + 1 − 4tr ), τr,k,
2t1 − 1, . . . ,2tl − 1, s,2tr , . . . ,2tk, x
)
= f j0...jl jr+1...jk+1
g(c0...cjm−1 )G(cjm+1 ...cn)
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× (τ0,l, (τl,l+1,1)(4tl+1 − 2s − 1), . . . ,
(τm−1,m−2,1)(4tm−1 − 2s − 1), (1, τm+1,m+2)(2s + 1 − 4tm+2),
. . . , (1, τr−1,r)(2s + 1 − 4tr ), τr,k,2t1 − 1, . . . ,2tl − 1, s,2tr , . . . ,2tk, x
)
and if we compute the formula for (t, s) ∈ T l,rm+1 we have
H
j
c (τ, t, s, x)
= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
× (τ0,l, (τl,l+1,1)(4tl+1 − 2s − 1), . . . , (τm−2,m−1,1)(4tm−1 − 2s − 1),0,0,
. . . ,0, (1, τm+1,m+2)(2s + 1 − 4tm+2), . . . , (1, τr−1,r)(2s + 1 − 4tr ), τr,k,
2t1 − 1, . . . ,2tl − 1, s,2tr , . . . ,2tk, x
)
.
Now if we apply the second boundary condition for a coherent map several times we will
obtain the same expression as above.
The map is coherent: If (1, t2, . . . , tk) = t ∈ Tm, then m 1. If (t, s) ∈ T l,rm then
H
j
c (τ,1, t2, . . . , tk, x)
= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τr,r−1,1||4tr − 2s − 1|, τr,k,1,2t2 − 1, . . . ,2tl − 1, s,2tr+1, . . . ,2tk, x
)
= qg(c0...cj1 )
(
τ0,1, f
j1...jljr+1...jk+1
g(cj1 ...cjm )G(cjm...cn)
(
τ1,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τr,r−1,1||4tr − 2s − 1|, τr,k,2t2 − 1, . . . ,2tl − 1, s,2tr+1, . . . ,2tk, x
))
= qg(c0...cj1 )
(
τ0,1,H
j1−j1...jk−j1
cj1 ...cn
(τ1,k, t2, . . . , tk, x)
)
.
If t = (t1, . . . , tk−1,0) ∈ Tm, then m k − 1. If (t,0) ∈ T l,rm then
H
j
c (τ, t1, . . . , tk−1,0, x)
= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τr,r−1,1||4tr − 2s − 1|, τr,k,2t1 − 1, . . . ,2tl − 1, s,2tr+1, . . . ,2tk−1,0, x
)
= f j0...jl jr+1...jk−1+1
g(c0...cjm )G(cjm...cjk−1 )
(
τ0,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τr,r−1,1||4tr − 2s − 1|, τr,k,2t1 − 1, . . . ,2tl − 1, s,2tr+1,
. . . ,2tk−1,pfG(cjk−1 ...cn)(τk−1,k, x)
)
= Hj0...jk−1c0...cjk−1
(
τ0,k−1, t1, . . . , tk−1,pfG(cjk−1 ...cn)(τk−1,k, x)
)
.
If ti = ti+1, l + 1 i  r and (t, s) ∈ T l,rm then
H
j
c (τ, t1, . . . , tk, s, x)
= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τi−1,i ,1||4ti − 2s − 1|, |τi,i+1,1||4ti+1 − 2s − 1|, . . . ,
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|τr,r−1,1||4tr − 2s − 1|, τr,k,2t1 − 1, . . . ,2tl − 1, s,2tr+1, . . . ,2tk, x
)= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . ,
∣∣(τi−1,i ,1, τi,i+1),1∣∣|4ti − 2s − 1|, . . . ,
|τr,r−1,1||4tr − 2s − 1|, τr,k,2t1 − 1, . . . ,2tl − 1, s,2tr+1, . . . ,2tk, x
)
= Hj0...ˆi ...jkc (τ0,i ,1, τi,k, t1, . . . tˆi , . . . , tk, x).
If ti = ti+1, r  i  k and (t, s) ∈ T l,rm then
H
j
c (τ, t1, . . . , tk, s, x)
= f j0...jl jr+1...jk+1g(c0...cjm )G(cjm...cn)
(
τ0,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τr,r−1,1||4tr − 2s − 1|, τr,k, ,2t1 − 1, . . . ,2tl − 1, s,2tr+1, . . . ,2tk, x
)
f
j0...jl jr+1...jˆi+1...jk+1
g(c0...cjm)G(cjm ...cn)
(
τ0,l , |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τr,r−1,1||4tr − 2s − 1|, τr,i,1, τi,k,2t1 − 1,
. . . ,2tl − 1, s,2tr+1, . . . ,2tˆi , . . . ,2tk, x
)
= Hj0...ˆi ...jkc (τ0,i ,1, τi,k, t1, . . . tˆi , . . . , tk, x).
The case 0 i  l is treated similarly.
If τ ∈ In−k with τj−i = 0, ji < j < ji+1, 0 i  l − 1
H
j
c (τ, t, s, x)
= f j0...ji ji+1−1...jl−1jr ...jk
g(c0...cˆj ...cjm )G(cjm...cn)
× (τ1, . . . , τˆj−i , . . . , τjl−l , |τl,l+1,1||4tl+1 − 2s − 1|,
. . . , |τr−1,r,1||4tr − 2s − 1|, τrk,2t1 − 1, . . . ,2tl − 1,
s,2tr , . . . ,2tk, x
)
= Hj0...ji ji+1−1...jk−1
c0...cˆj ...cn
(τ1, . . . , τˆj−i , . . . , τn−k, t, s, x).
The case r  i  k − 1 is treated similarly.
For l  i m − 1
H
j
c (τ, t, s, x)
= f j0...jl jr ...jk
g(c0...cˆj ...cjm )G(cjm...cn)
(
τ0,l, |τl,l+1,1||4tl+1 − 2s − 1|,
. . . ,
(
τji−i+1, . . . , τˆj−i , . . . , τji+1−(i+1),1
)
(4ti+1 − 2s − 1),
. . . , |τr,r−1,1||4tr − 2s − 1|, τr,k,2t1 − 1,
. . . ,2tl − 1, s,2tr+1, . . . ,2tk−1,0, x
)
= Hj0...ji ji+1−1...jk−1
c0...cˆj ...cn
(τ1, . . . , τˆj−i , . . . , τn−k, t, s, x).
The case m i  r − 1 is treated similarly. 
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Proof of Theorem 3. Part 1: Let f,f ′ :X → Y be homotopic, i.e., the coherent maps
f ◦ p[f,F ] :X → Y and f ′ ◦ p[f ′,F ] :X → Y are level homotopic with a homotopy
F : I ×X → Y . Then we have
g
(
f ◦ p[f,F ]) lvl g(f ′ ◦ p[f ′,F ]) (1)
and these coherent maps are level homotopic by the coherent map gF : I ×X →Z .
Coherent map g(f ◦ p[f,F ]) corresponds to the level map obtained as a composition
of the level maps: (g
j
c ) :Yg → Z, (f jc ) :Xfg → Yg and (p[fg,Fg]jc ) :XFg → Xfg , i.e.,
to the level map g ◦ (f ◦ p[fg,Fg]) :XFg → Z . The coherent map (gf ) ◦ p[fg,Fg]
(a shift of gf ) also corresponds to the composition of these level maps, i.e., to the level
map (g ◦f )◦p[fg,Fg] :XFg →Z . From Proposition 2 it follows that the following level
maps are level homotopic
g ◦ (f ◦ p[f,F ]) lvl (g ◦ f ) ◦ p[fg,Fg]. (2)
In the same way, the following level maps are level homotopic
g ◦ (f ′ ◦ p[f ′,F ]) lvl (g ◦ f ′) ◦ p[f ′g,Fg]. (3)
From (1), (2) and (3) it follows
(g ◦ f ) ◦ p[fg,Fg] lvl (g ◦ f ′) ◦ p[f ′g,Fg].
Then the coherent maps (gf ) ◦ p[fg,Fg] and (gf ′) ◦ p[f ′g,Fg] are level homotopic,
i.e., the coherent maps gf and gf ′ are homotopic.
Part 2: To prove that coherent maps gf and g′f ′ are homotopic, it remains to prove that
gf ′ and g′f ′ are homotopic.
Let g,g′ :Y → Z be homotopic, i.e., the coherent maps g ◦ q[g,G] :Y → Z and
g′ ◦ q[g′,G] :Y → Z are level homotopic with a homotopy G : I × Y → Z . Then we
have
(
g ◦ q[g,G])f ′ lvl (g ◦ q[g,G])f ′ (4)
and these coherent maps are level homotopic by the coherent map G(1 × f ′) : I ×X →Z
given by the strictly increasing function f ′G :C → A.
Coherent map (g ◦ q[g,G])f ′ corresponds to the composition (g ◦ q[g,G]) ◦
f ′ :XfG → Z of the level maps: g :Yg → Z , q[g,G] :YG → Yg and f :XfG → YG.
The coherent map g(q[g,G] ◦ f ′) also corresponds to the composition g ◦ (q[g,G] ◦ f ′).
From Proposition 2, it follows the following level maps are level homotopic
(
g ◦ q[g,G]) ◦ f ′ lvl g ◦ (q[g,G] ◦ f ′). (5)
From Theorem 4
g ◦ (q[g,G] ◦ f ′) lvl g ◦ (f ′ ◦ p[f ′g,f ′G]). (6)
As in Part 1 of this proof
g ◦ (f ′ ◦ p[f ′g,f ′G]) lvl (g ◦ f ′) ◦ p[f ′g,f ′G]. (7)
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From (5), (6), (7) it follows that (g ◦ q[g,G]) ◦ f ′ and (g ◦ f ′) ◦ p[f ′g,f ′G]) are level
homotopic. Then the corresponding coherent maps are level homotopic also, i.e.,
(
g ◦ q[g,G])f ′ lvl (gf ′) ◦ p[f ′g,f ′G]. (8)
In the same way it is proved that
(
g ◦ q[g′,G])f ′ lvl (g′f ′) ◦ p[f ′g′, f ′G]. (9)
From (4), (8) and (9) it follows that coherent maps (gf ′) ◦ p[f ′g,f ′G] and (g′f ′) ◦
p[f ′g′, f ′G] are level homotopic, i.e., the coherent maps gf ′ and g′f ′ are homotopic. 
All coherent inverse systems with cofinite directed sets and homotopy classes of
coherent maps form the coherent category Coh.
Any commutative inverse system X = (Xa,pa0a1,A) can be interpreted as coherent
inverse system X = (Xa,pa0...an,A) by putting
pa0...an(τ1, . . . , τn−1, x) = pa0an(x).
We define the functor F : CPHTop → Coh associating to an inverse system X, its
interpretation as a coherent inverse system X . To a coherent map (fb ) :X → Y given
by maps fb :∆n × Xf (bn) → Yb0 , we associate the coherent map (f
j
b ) :X → Y given by
maps (f
j
b ) : I
n−k × ∆k × Xf(bn) → Yb0 defined by
f
j
b (τ, t1, . . . , tk, x) = fb(t ′1, . . . , t ′n, x)
where
t ′ji = ti , i = 1,2, . . . , k,
t ′j = 0, ji < j < ji+1.
Now we define the functor F : CPHTop → Coh on morphisms, associating to the homo-
topy class of (fb ) :X → Y the homotopy class of (f jb ) :X → Y , i.e.,
F[(fb )]= [(f jb )].
To show that this associating is well defined let (fb), (f ′b ) :X → Y be homotopic
by a homotopy (Fb ) : I × X → Y . Let (f jb ), (f ′
j
b ) :X → Y and (F
j
b ) : I × X → Y be
corresponding associated maps.
Let (H
j
b ) : I ×X → Y be a coherent map given by the function F :B → A and by maps
H
j
b : I
n−k ×∆k × I ×XF(bn) → Yb0 defined for (t1, . . . , tk) = t ∈ Km by
H
j
b (τ, t, s, x) = Fj0...jmb0...bjm
(
τ0,m,2t1 − 1, . . . ,2tm − 1, s,pF(bjmbn)(x)
)
.
To prove that (H
j
b ) connects the maps f = (f
j
b ) and f ′ = (f ′
j
b ), first we mention that for
(τ, t) ∈ In−k ×∆k we have
p[f,F ]j0...jkb0...bn(τ, t, x) = pf (b0)F (bn)(x).
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For (t1, . . . , tk) = t ∈ Km,H
j
b (τ, t,0, x)
= Fj0...jmb0...bjm
(
τ0,m,2t1 − 1, . . . ,2tm − 1,0,pF(bjmbn)(x)
)
= f j0...jmb0...bjm
(
τ0,m,2t1 − 1, . . . ,2tm − 1,pf (bjm)F (bjm)pF(bjmbn)(x)
)
= f j0...jmb0...bjm
(
τ0,m,2t1 − 1, . . . ,2tm − 1,pf (bjm)F (bn)(x)
)
= (f ◦ p[f,F ])jb (τ, t, x)
and in the same way
H
j
b (τ, t,1, x) =
(
f ′ ◦ p[f ′,F ])jb (τ, t, x). 
That F : CPHTop → Coh is a functor it is proved in [7].
Theorem 5. The functor F : CPHTop → Coh is an embedding of CPHTop in Coh.
Proof. We have to prove the following: If to the coherent maps (fb), (f ′b ) :X → Y are
associated the coherent maps (f
j
b ), (f
′ j
b ) :F(X ) →F( Y ), respectively, and if (f
j
b ) and
(f ′ jb ) are homotopic then (fb ) and (f ′b) are homotopic.
Case 1: (f
j
b ) and (f ′
j
b ) are level homotopic. Then the homotopy (F
j
b ) : I × F(X) →
F( Y ) is given by the same strictly increasing function f :B → A.
We will construct a special coherent map (F ′b ) : I × X → Y such that F(F ′b) = (F ′
j
b ),
(F ′ jb ) and (F
j
b ) are level homotopic in Coh, and F ′b is a homotopy connecting fb and f ′b .
At the same time we will construct the special coherent map (F ′b) : I × X → Y and the
level homotopy H = (H jb ) : I × I ×F(X ) →F( Y ) connecting (F
j
b ) and (F ′
j
b ), i.e.,
H
j
b (τ, t, s,0, x) = F
j
b (τ, t, s, x), H
j
b (τ, t, s,1, x) = F ′
j
b (τ, t, s, x).
The construction is the same as in [7]—Section 3, the only difference is that there is one
coordinate more here. The construction of maps H
j
b and F
′
b is made by induction on n, the
length of b = (b0, b1, . . . , bn).
For n = 0 and b0 ∈ B , we put F ′b0 = Fb0 and we define Hb0 : I × I ×Xf (b0) → Yb0 by
Hb0(s, z, x) = F ′b0(z, x).
For n = 1 and b0 < b1, we put F ′b0b1 = F 01b0b1 and we define Hb0b1 :∆1 × I × I ×Xf (b1) →
Yb0 by
Hb0b1(t, s, z, x) = F ′b0b1(t, z, x).
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As in [7], to define the maps Hj and F ′ j for n 2 we putb b
∂0In =
n⋃
j=1
{
(τ1, . . . , τj−1,0, τj+1, . . . , τn−1) | 0 τi  1
}
.
For 1 k  n − 1 by Qnk is denoted the following subset of In−k × ∆k × I × I ,
Qnk =
(
∂0In−k × ∆k × I × I)∪ (In−k × ∂∆k × I × I)
∪ (In−k ×∆k × 0,1 × I) ∪ (In−k ×∆k × I × {0,1})
and by Rnk we denote the retraction R
n
k : I
n−k ×∆k × I × I → Qnk .
Now, suppose that H
j
b and F
′
b are defined for all for all sequences b with length < n. To
the end of this proof let b = (b0, b1, . . . , bn) be a fixed sequence with length n. The maps
H
j
b : I
n−k ×∆k × I × I × Xf(bn) → Yb0 are defined in the following way:
(a) on ∂0In−k ×∆k × I × I ×Xf (bn) by
H
j
b (τ1, . . . , τj−1,0, τj+1, . . . , τn−k, t, s, z, x)
= Hj0...ji ji+1−1...jk−1
b0...bˆj ...bn
(τ1, . . . , τˆj , . . . , τn−k, t, s, z, x);
(b) on In−k × ∂∆k × I × I ×Xf (bn) will be defined only partially by
H
j
b (τ,1, t2, . . . , tk, s, z, x) = qb0bj1 H
j1−j1...jk−j1
bj1 ...bn
(τ, t2, . . . , tk, s, z, x),
H
j
b (τ, t1, . . . , tk−1,0, s, z, x) = Hj0...jk−1b0...bjk−1
(
τ, t1, . . . , tk−1,0, s, z,pf (bjk−1bn)(x)
);
(c) on In−k ×∆k × 0,1 × I × Xf(bn) by
H
j
b (τ, t,0, z, x) = F
j
b (τ, t, z, x)
and for all j , except for j = (0,1, . . . , n), by
H
j
b (τ, t,1, z, x) = F ′bj0bj1 ...bjk (t, z, x);
(d) on In−k ×∆k × I × 0,1 ×Xf (bn) by
H
j
b (τ, t, s,0, x) = f
j
b (τ, t, x),
H
j
b (τ, t, s,1, x) = f ′
j
b (τ, t, x).
Further on, the definition of maps H
j
b will be completed by induction on k, the length of
j = (j0, . . . , jk). For k = 1, i.e., j = (0, n), the definition under c) is complete and a map
H
0,n
b :Q
n
1 × Xf(bn) → Yb0 is completely defined. Using the retraction Rn1 : In−1 × ∆1 ×
I × I → Qn1, this map can be extended to a map H 0,nb : In−1 ×∆1 × I × I ×Xf(bn) → Yb0 .
128 N. Shekutkovski / Topology and its Applications 140 (2004) 111–130
Let maps H
j be defined for all j with length < k. If j has length k and k < n, then oneb
can complete the definition in (b), i.e., on In−k × ∂∆k × I × I ×Xf (bn). For t ∈ ∂∆k with
ti = ti+1, 1 i  k − 1, we put
H
j
b (τ, t, s, z, x) = Hj0...ˆi ...jkb0...bn (τ0,i ,1, τi,k, t1, . . . , tˆi , . . . , tk, s, z, x). (10)
By this formula and by (a)–(d) the map Hjb :Qnk × Xf (bn) → Yb0 is defined and
using the retraction Rnk : I
n−k × ∆k × I × I → Qnk this map can be extended to a map
H
j
b : I
n−k ×∆k × I × I × Xf(bn) → Yb0 .
In this way, a map H
j
b is defined for all j with length < n, i.e., except for j =
(0,1, . . . , n). Finally for j = (0,1, . . . , n), by (b)–(d) and (10) a map H 012...nb : (∂∆n × I ×
I) ∪ (∆n × 0 × I) ∪ (∆n × I × {0,1})× Xf (bn) → Yb0 is defined. By use of a retraction
∆n × I × I → (∂∆n × I × I)∪ (∆n ×0× I)∪ (∆n × I ×{0,1}) this map can be extended
to a map H 012...nb :∆
n × I × I ×Xf (bn) → Yb0 .
Then the map F ′b0b1...bn :∆
n × I ×Xf (bn) → Yb0 is defined by
F ′b0b1...bn(t, z, x)= H 012...nb0b1...bn(t,1, z, x).
The maps (H
j
b ) and (F ′b) are completely defined and from (c)
H
j
b (τ, t,1, z, x) = F ′bj0bj1 ...bjk (t, z, x)= F
′ j
b (τ, t, z, x).
It follows that the coherent maps F(F ′b) = (F ′
j
b ) and (F
j
b ) are level homotopic. Also,
from (d)
F ′b(t,0, x)= H 01...nb (t,1,0, x)= f 01...nb (t, x) = fb(t, x),
F ′b(t,1, x)= H 01...nb (t,1,1, x)= f ′ 01...nb (t, x) = f ′b(t, x).
The verification that maps are well defined, that (F ′b) is a special coherent map and that
(H
j
b ) is a coherent map is given in [7].
Case 2: (f
j
b ) and (f ′
j
b ) are homotopic. Let the homotopy (F
j
b ) : I ×F(X ) →F( Y )
be given by a strictly increasing function F :B → A. Then for t ∈ Km,
F
j
b (τ, t,0, x) = p ◦ [f,F ]
j
b (τ, t, x)
= f j0...jmb0...bjm
(
τ0,m,2t1 − 1, . . . ,2tm − 1,pf (bjm)F (bn)(x)
)
,
F
j
b (τ, t,1, x) = p ◦ [f ′,F ]
j
b (τ, t, x)
= f ′ j0...jmb0...bjm
(
τ0,m,2t1 − 1, . . . ,2tm − 1,pf ′(bjm)F (bn)(x)
)
.
From case 1, there exist a special coherent map (F ′b) : I ×X → Y given by the same strictly
increasing function F :B → A such that
F[(F ′b)]= [(F jb )]
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and such thatF ′b(t,0, x)= fb0...bjm
(
2t1 − 1, . . . ,2tm − 1,pf (bjm)F (bn)(x)
)
,
(11)
F ′b(t,1, x)= f ′b0...bjm
(
2t1 − 1, . . . ,2tm − 1,pf ′(bjm)F (bn)(x)
)
for t ∈ Km.
To prove that special coherent maps (fb ) and (f ′b) are homotopic we need two
homotopies more. First we define a partition of ∆n × I to subpolyhedra Rm, 0m n,
Rm =
{
(t1, . . . , tn) | tm  1 − s2  tm+1
}
.
We define a homotopy (F ′′b ) : I × X → Y , given by the strictly increasing function
F :B → A and by maps F ′′b :∆n × I × XF(bn) → Yb0 defined by
Fb(t, s, x) = fb0...bjm
(
2t1 − 1 + s
1 + s , . . . ,
2tm − 1 + s
1 + s ,pf (bjm)F (bn)(x)
)
for (t1, . . . , tn) = t ∈ Rm.
We mention that Km × 0 = {(t1, . . . , tn,0) | (t1, . . . , tn,0) ∈ Rm} and that
F ′′b (t,0, x)= fb0...bjm
(
2t1 − 1, . . . ,2tm − 1,pf (bjm)F (bn)(x)
)
. (12)
Also, we mention that Rk = ∆n × 1 and for t ∈ ∆n,
F ′′b (t,1, x)= fb
(
t, pf (bn)F (bn)(x)
)
. (13)
In the same way it is constructed a homotopy (F ′′′b ) : I ×X → Y such that
F ′′′b (t,0, x)= f ′b0...bjm
(
2t1 − 1, . . . ,2tm − 1,pf ′(bjm)F (bn)(x)
) (14)
and
F ′′′b (t,1, x)= f ′b
(
t, pf ′(bn)F (bn)(x)
)
. (15)
From (11)–(15) it follows that the shifts (fb(1×pf (bn)F (bn))) and (f ′b(1×pf ′(bn)F (bn)))
are level homotopic. That is to say, the coherent maps (fb) and (f ′b ) are homotopic. 
The following theorem is proved in [7]. For the proof only the level homotopy of
coherent maps is necessary, i.e., Propositions 1–4.
Theorem 6. The category CPHTop is a full subcategory of the category Coh.
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